We demonstrate the effectiveness of a generalized renormalized perturbational approach to calculate the induced magnetization for the single impurity Anderson model with a strong on-site interaction, using flow equations for renormalized parameters to scale from a weak correlation to a strong correlation regime. We show that, using simple approximation schemes in different parameter regimes, remarkably accurate results can be obtained for all magnetic field values by comparing the results with those from direct numerical renormalization group and Bethe ansatz calculations.
I. INTRODUCTION
The impurity Anderson model in the strong interaction (Kondo) regime has served as a classic testing ground for the development of many-body techniques for application to a wider class of models for strongly correlated electron systems. This is because exact or very accurate methods have led to a comprehensive understanding of this model 1 ; notably via the numerical renormalization group (NRG) 2,3 , Bethe ansatz method 4, 5 , and for degenerate models the 1/N 6 and slave boson methods 7, 8 . Though a direct perturbation expansion in powers of the on-site interaction U works well for low and intermediate interaction strengths for the symmetric Anderson model [9] [10] [11] [12] but it breaks down in the interesting strong interaction regime where the model displays all the strong correlation physics of the Kondo model (it can be mapped into this model via a Schrieffer-Wolff transformation 13 ). The assumption has been, therefore, that the strong correlation low energy physics can only be obtained using a non-perturbative method. However, the low energy fixed point corresponds to a Fermi liquid 14 , which can be described in terms of quasiparticles, with the single particle excitations in 1-1 correspondence of the noninteracting system, together with a limited number of parameters to describe the inter-quasiparticle interactions. As a consequence the perturbation theory can be reorganized as a renormalized perturbation expansion, similar to that used in quantum electrodynamics, with parameters corresponding to renormalized versions of those of the original model. The renormalized perturbation theory (RPT) provides asymptotically exact results for the thermodyamics and dynamics in the low energy regime 15, 16 . However, the renormalized parameters have to be calculated and in the strong correlation regime this would seem to require a non-perturbative technique such as the NRG 17 .
Here we demonstrate that this is not the case. We introduce a generalized scaling scheme, such that we can follow a set of flow equations for the renormalized parameters from a regime of weak to strong electron correlation. Once these parameters have been determined, there are exact relations from which the magnetization, spin and charge susceptibilities 15, [18] [19] [20] [21] can be calculated.
We consider the Anderson model 22 in a magnetic field H,
where
, is the energy of the localized level at an impurity site, U the interaction at this local site, and V k,σ the hybridization matrix element to a band of conduction electrons of spin σ with energy ǫ k,σ − σg c µ B H/2, where g c is the g-factor for the conduction electrons. The resonance width factor
we take as a constant ∆, corresponding to a flat wide conduction band, and we use the notation h = gµ B H/2. The model can be characterized by the set of parameters (h, ǫ d , ∆ ↑ , ∆ ↓ , U ), which we can regard as a defining a point µ in a configuration space.
The Fourier transform of the retarded single-particle impurity Green's function has the form,
where Σ σ (ω, µ) is the self-energy, which we assume to be non-singular at ω = 0 so that the low energy fixed point of the system corresponds to a Fermi liquid. The renormalized parameters 20 ,ǫ d,σ (µ) and∆ σ (µ), which characterize the quasiparticles of the Fermi liquid are defined byǫ
where z σ is given by z σ = 1/(1 − Σ ′ σ (0, µ)). It is useful to introduce a renormalized fieldh(µ) and average effective levelǫ d (µ) defined bỹ whereΣ σ (ω, µ) is the renormalized self-energy. The effective interaction between the quasiparticlesŨ (µ) can be defined in terms of the local total 4-vertex Γ (4) ↑↓ (ω 1 , ω 2 , ω 3 , ω 4 : µ) at zero frequency,
The Lagrangian corresponding to the bare Anderson L AM (µ) can be rewritten in the form,
where λ are the coefficients in the remaining or counterterm part of the Lagrangian. They can be determined from the renormalization conditions,
These ensure that there is no overcounting of renormalization effects which have already been included by using the renormalized parameters instead of the bare ones.
Exact results can be derived for a number of physical quantities in the Fermi liquid regime in terms of the renormalized parameters 15 . Calculations can be carried out for the spectral functions and behavior beyond the Fermi liquid regime using renormalized perturbation theory (RPT) in terms of the renormalized parameters as no approximation is made in setting up the expansion 16, 18 . The renormalized parameters can be regarded as defining an alternative specification of the model,μ
Here we introduce the idea of deriving a scaling relation linking the renormalized parameters for a model specified by the parameter set µ 1 to one specified by the parameter set µ 2 , µ 1 (µ 1 ) →μ 2 (µ 2 ). We consider a renormalized perturbation expansion for G σ (ω, µ 2 ), in which we use the noninteracting quasiparticle propagator for the system with µ = µ 1 instead of that for the system with µ = µ 2 . Expressing this Green's function in the form,
effectively defines the self-energyΣ σ (ω, µ 1 , µ 2 −µ 1 ). The corresponding Larangian takes the form,
where there is an additional term L ex (µ 2 −µ 1 ) due to the difference between the models with different parameter sets. The counterterms in L ct (λ 1 ) are required to satisfy the conditions (8) for µ = µ 1 .
By equating the inverse of G σ (ω, µ 2 ) from Eqn. (9) with that derived from Eqn. (5) and its derivative at ω = 0, we can relate the renormalized parameters at µ 1 to those for µ 2 . For µ 1 = µ, µ 2 = µ + δµ, these equations, take the form,
, and
(12) The self-energyΣ σ (ω, µ, δµ) and its derivative are zero at ω = 0 for δµ = 0 , so we take them to lowest order in δµ, which in general will be first order in δµ. We write them asΣ σ (0, µ, δµ) = α 1,σ (µ, δµ) and Σ ′ σ (0, µ, δµ) = α 2,σ (µ, δµ). Working to lowest order in δµ we can separate (12) into two equations,
To apply these scaling equations to calculate the renormalized parameters in a strong correlation regime two conditions need to be satisfied: (i) we need a known set of renormalized parameters corresponding to µ 1 , µ 1 →μ 1 , and (ii) an accurate method of calculating the renormalized self-energyΣ σ (ω, µ, δµ) in the low frequency range, ie. its value and derivative as ω → 0. The results should be independent of the particular trajectory chosen for generating µ 2 from µ 1 . Note that in contrast to the Wilson renormalization approach, where states are integrated out, one can define an inverse transformatioñ µ 2 (µ 2 ) →μ 1 (µ 1 ). Condition (i) can be satisfied by choosing µ 1 in a weakly correlated regime where perturbation theory can be applied. The more difficult step is to find an approximation to satisfy condition (ii).
In particular cases one can use additional information derived from relevant Ward identities. We consider the case where we change only the parameter µ 1 = h. Using the Friedel sum rule 23 and a Ward identity 10, 12 we derive the result,
The details of the derivation are given in the Appendix A. We can use this result in the flow equations. For h = 0,ǫ d (δh) and α 2,σ (0, 0, δh) are of order (δh) 2 , and from the scaling equations we findh(h)/h → R where R = 1 +Ũ (0)ρ(0, 0), is the Wilson ratio, which is an exact result.
We can derive similar relations in the case where we change µ 2 = ǫ d ,
where again details of the derivation are given in the Appendix A. If we change both ǫ d and h, then these two results can be combined in the scaling equation to first order in both δǫ d and δh. We use these results in the scaling equations to show that suitable approximations can be derived to satisfy both conditions (i) and (ii) in particular parameter regimes.
II. SCALING WITH MAGNETIC FIELD
We show results first of all for the particle-hole symmetric model. In this case we can satisfy condition (i) by considering the system in a very large magnetic field so as to suppress the spin fluctuations that lead to the strong correlation effects in this regime. We then test the accuracy of the approximation used in step (ii) by calculating the induced m(h) magnetization at T = 0, which is given in terms of the renormalized parametersǫ d,σ and ∆ σ by
and compare the results with the corresponding NRG and Bethe ansatz results. For particle-hole symmetry the formula for the magnetization given in Eqn. (19) simplifies asǫ d,σ = −σh and∆ σ is independent of σ.
FIG. 1: (Color online)
A diagram for the (renormalized) selfenergy involving a repeated scattering in the particle-hole channel, corresponding to scattering with a spin flip. In the initial calculation in very large magnetic fields, the dashed line represents the 'bare' interaction U and the full lines are the propagators calculated in mean field theory in an applied magnetic field h. In the renormalized perturbation theory the interaction parameter isŨ t ph and the propagators are for the quasiparticles in an effective fieldh and include the mean field insertions.
Accurate initial renormalized parameters in the extreme large field regime h > U can be calculated simply using the original Anderson mean field theory 22 . These can then be improved upon using the set of RPA spin flip scattering terms to calculate the self-energy and the corresponding value ofŨ . This is illustrated in Fig. 1 and Fig. 2 where the propagators correspond to those for the "bare" electrons with mean field insertions and the interaction parameter represented by a dashed line is the bare interaction U .
To extend the results to lower magnetic field values we use the scaling approach described in the previous section The diagrams, at zero external frequency ω = 0, used to calculate the effective interaction vertexŨ in the particle-hole symmetric regime in an applied magnetic field. In the inital calculation the propagators correspond to mean field theory and the interaction parameter (dashed line) to U . In the RPT calculations, the propagators correspond to free quasiparticles and the interaction parameter (dashed line) isŨ t ph .
and reduce the applied field to h − δh but use the renormalized parameter at the field value h. We then need a suitable approximation to calculate the renormalized self-energyΣ σ (ω, h, δh). We have shown that accurate results can be obtained for the renormalized parameters by using the same set of diagrams for the self-energy and the vertexŨ as in Fig. 1 and Fig. 2 , where now the propagators correspond to the free quasiparticles 24 . The counterterms have to be taken into account and as a consequence the interaction parameter is modified tõ U − λ 3 , which we denote byŨ t ph , due to the counterterm λ 3 . Given the starting values ofh(h) and∆(h) (for particle-hole symmetryǫ d = 0) the corresponding value ofŨ t ph (h) can be deduced from
whereΠ ph (ω, h) is the transverse dynamic spin susceptibility due to the non-interacting quasiparticles 16 . The full expression forΠ ph (ω, h) is given in the Appendix B, and its value at ω = 0 is given bỹ
Eqns. (20) and (21) imply thath(h) takes a generalized mean field formh(h) = h +Ũ t ph (h)m(h). The new parametersh and∆ are then calculated at the reduced field h − δh from the scaling equations (11) and (15) 
using Eqn. (16) withŨ (h) given bỹ
corresponding to the diagrams in Fig. 2 . Onceh and∆ at h − δh have been calculated the corresponding values of U t ph andŨ can be deduced from Eqns. (20) and (22) and the process repeated to reduce the magnetic field in a sequence of steps to zero. Results for the induced magnetization for the case, U/π∆ = 3, π∆ = 0.1 and a conduction band halfwidth D = 1, are shown in Figs. 3 and 4, together with those from a direct NRG calculation. The calculated Wilson ratio, R = 1+Ũ (0)/π∆(0) = 1.99, showing that to an excellent approximationŨ (0) = π∆(0) so that there is only a single energy scale corresponding to the Kondo temperature T K . The Kondo temperature T K is defined in terms of the zero field spin susceptibility χ s at T = 0 via χ s = (gµ B ) 2 S(S +1)/3T K with S = 1/2. The value of T K is 0.00800 which is very close to the Bethe ansatz result for these parameters 0.00805 25 . The results in Fig. 3 are plotted as a function of ln(h/T K ) over the whole range of magnetic field values to the saturated value m(h) → 1/2. It can be seen that there is excellent agreement between the results deduced from the RPT scaling equations and the ones determined from a direct NRG calculation 20 . In  Fig. 4 we plot and compare the NRG results as a function of h/T K up to a value h = 4T K , and also with Bethe ansatz results 4,5 for the s-d model over this range. It can be seen again that on this scale there is still excellent agreement between the results. For larger values of the magnetic field h > 8T K for U/π∆ = 3 the approach to saturation is different for the s-d and Anderson models because in this range the impurity charge excitations play a role for the Anderson model which are not present in the s-d model 20 .
In earlier results
24 using this approach we have given more extensive comparisons with Bethe ansatz and NRG results including calculations of the self-energy and dynamical spin susceptibilities. We note a scaling approach using a magnetic field using the functional renormalization group method (fRG) has recently been developed by Streib, Isidori and Kopietz 26 for the strong correlation regime for the particle-hole symmetric model. 
III. SCALING RELATIVE TO THE CHEMICAL POTENTIAL
Well away from particle-hole symmetry with either a low or high density of particles or holes, we have another regime where the correlation effects are weak. Here we can also apply mean field theory to calculate the initial values for the renormalized parameters, and then extend the calculation of the self-energy using standard prturbation theory in U to take into account the diagrams with repeated particle-particle scattering (see Fig. 5 ). We consider this situation initally without an applied magnetic field and introduce a magnetic field later. This regime was first studied by Schrieffer and Mattis 27 . They calculated an effective interaction U eff from an expansion in powers of U corresponding to the diagrams shown in Fig. 6 ,
whereǭ d is the renormalized level calculated in mean field theory. The value of U eff can be identified asŨ and is in good agreement with the values deduced from the NRG in the regime well away from particle-hole symmetry. To scale from this regime to a more strongly correlated one we decrease the value of |ǫ d |, which is equivalent to changing ǫ d relative to the chemical potential. We use, as an approximation for the renormalized self-energy in the scaling equations for part (ii) of the calculation, the same set of diagrams with repeated particle-particle scattering in the RPT but using quasiparticle propagators with a renormalized interaction in this channelŨ pp .
The initial value ofŨ − λ 3 =Ũ pp is calculated from
and the initial value ofŨ from (23) . We have introduced the notation E d = ǫ d + U/2, so that E d = 0 corresponds to the model with particle-hole symmetry.
Once
corresponding to the diagrams in Fig. 6 . Note in this case, in scaling with ǫ d in the flow equations, we are changing the model itself rather than an external field.
To test the range of validity of this approximation we calculate the renormalized parameters from the flow equations and compare them the corresponding values deduced from an NRG analysis of the low energy fixed point for the case U/π∆ = 3, π∆ = 0.1 over a range of values of ǫ d . The approximation based on this set of diagrams works well in the range |E d | > U/2. The results are shown in Fig. 7 . Corresponding results for the static spin susceptibility due to the impurity, which can be evaluated from the renormalized parameters using the exact result,
are shown in Fig. 8 . The values of χ s are shown on a logarithmic scale and are in good agreement with the NRG results. To calculate the induced magnetization m(h) in a magnetic field in this regime the formulae become more complicated. The equation forŨ pp generalizes to
and forŨ ,Ũ
wherẽ The flow equations are solved as a function of ǫ d for a given magnetic field value h, and the renormalized parameters used to deduce the induced magnetization using Eqn. (19) . The results for m(h) as a function of ln(h/T K ) for the case U/π∆ = 3, π∆ = 0.1 and E d = −0.15 are shown in Fig 9 . This is a significantly correlated regime withŨ /U = 0.29 andŨρ(0) = 0.54. the value of T K = 0.052 and is defined in terms of the T = 0 susceptibility as earlier. A comparison is made with the corresponding results from a direct NRG calculation. The two sets of results can be seen to be in excellent agreement over the full range of magnetic field values. In Fig. 10 we compare the two sets of results for smaller values of the magnetic field, over a more physically accessible range, as a function of h/T k .
As already noted, the approximation used for the calculation of the renormalized parameters, based on the particle-particle scattering diagrams, breaks down at the point |E d | ∼ U/2. The difficulty in extending the calculation beyond this point to the particle-hole symmetric point |E d | = 0 is that, in the strong correlation regime U/π∆ ≫ 1, the effective interaction in the particle- particle channelŨ pp becomes very large so as to suppress the charge fluctuations. In the strong correlation regime near half-fillingŨρ(0) → 1 so that the impurity charge susceptibility, which is proportional to 1 −Ũρ(0), is effectively zero. It can be seen from the scaling Eqn. (14) and Eqn. (18) that whenŨρ(0) = 1 the first order term in δǫ d is zero. Near particle-hole symmetry for strong correlation, the main effect is simply a change in the Kondo temperature T K , asŨρ(0) = 1 is maintained in this regime, and
should go to zero as the magnetic field is reduced, However, in the numerical calculations a small difference persists as h → 0, so an improved or alternative approximation is required to obtain completely satisfactory results in this parameter regime. This is currently being investigated. 
IV. CONCLUSIONS
We have shown how, based on a relatively simple set of diagrams within a renormalized perturbation theory (RPT), accurate results can be obtained for the magnetization and susceptibilities in different parameter regions of the impurity Anderson model with strong electron correlation. The RPT approach is a physically transparent one where we follow the flow equations for the renormalization of the quasiparticles from their almost bare values in a weak correlation regime to strongly renormalized ones in the strong correlation regime. In contrast to other renormalization techniques which involve eliminating or integrating out of higher energy states, such as the NRG, we need to consider the flow of a restricted number of parameters only, those required to specify the low energy behavior, such as∆ andh, or∆ andǫ d . This approach opens up the possibility of applications to a much wider class of models involving strong electron correlation.
for ω > 0, where 
The causal propagatorΠ ph (ω) is an even function of ω in the absence of a magnetic field. The two-particle propagator for free quasiparticles Π pp (ω) is given bỹ 
